
Symmetries of the Lagrange equations and equivalent Lagrangians

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1980 J. Phys. A: Math. Gen. 13 1965

(http://iopscience.iop.org/0305-4470/13/6/018)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 31/05/2010 at 05:20

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/13/6
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen. 13 (1980) 1965-1968. Printed in Great Britain 

Symmetries of the Lagrange equations and equivalent 
Lagrangians 

F Gonzslez-GascSn 
Departamento de Metodos Matematicos de la Universidad Complutense, Instituto de la 
Estructura de la Materia CSIC(GIlT), Serrano 119, Madrid 6 ,  Spain 

Received 1 October 1979, in final form 22 November 1979 

Abstract. The theoretical basis justifying the possibility of associating equivalent Lagran- 
gians with (I, q )  symmetries of Lagrangian systems of differential equations is given. The 
proof is based on well-known results and leads to a technique for finding equivalent 
Lagrangians that it is quite simple and more general than another recently proposed 
technique, since it is valid for systems of more than one differential equation and for both 
discrete and continuous families of symmetries. 

1. Introduction 

In a recent paper (Lutzky 1978) Lagrangian functions different from the standard one, 
q 2  -q2 ,  were obtained out of monoparametric groups of pointlike transformations of 
symmetry (i.e. acting in the (t ,  q )  space) of the differential equation 

C j ' + q = O .  (1) 
In this paper we justify geometrically the results obtained by Lutzky. We point out 

that these results are by no means restricted to systems with only one degree of freedom. 
In fact, as we shall see, our technique can be applied to Lagrangian systems of 
second-order differential equations of the kind 

i = 1, . . . , n. iii = ai(?, q , 4 ) ,  (2) 
On the other hand, Lutzky obtained monoparametric families of Lagrangian 

functions for equation (1) out of monoparametric families of symmetries of this 
equation. But, for generic systems of the kind ( 2 )  (and even when n = l ) ,  it is known 
(Gonzslez-Gasc6n 1977a) that, in general, they do not admit monoparametric families 
of pointlike transformations of symmetry. This is what happens, for instance, with the 
equation 

C j " q 2 + t * .  (3) 
For systems of the kind ( 2 )  not admitting monoparametric families of pointlike 
symmetries, the technique used by Lutzky cannot be applied. Nevertheless, as we shall 
explain, if (2) admits a discrete pointlike symmetry (for instance, in the case of (3) the 
symmetry q -+ -4; t + -?), the technique followed here is able to provide a recipe for 
obtaining Lagrangians equivalent to the original one. Our technique is also valid when 
(2) admits continuous groups of pointlike symmetries. 
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2. The invariance in form of the Lagrange equations 

It is well known (Pars 1965) that the Euler-Lagrange equations associated with a given 
function L(t,  qi, di), 

are a set of second-order differential equations possessing the following notable 
property: When they are subjected to the pointlike transformation 

qj =fj(Ql,  9 Qm t), j = 1, . . . , n, ( 5 )  

then the new second-order differential equations for the Q variables are equivalent to 
(i.e. possess the same solutions as) the set of differential equations 

L* being given by 

and L(t, qi, c j i )  being the Lagrangian function entering in (4). 
Consider, for example, the pair of differential equations 

x = 0, y = o ,  

x, y being the global Cartesian coordinates of the plane. 
Under the coordinate change 

x = r cos 4, y = r sin 4, 

the Lagrangian function L leading to (4a), 

L = $(i2 + j J 2 ) ,  

t = t ( i2+ r2d2),  

is transformed, according to (7) ,  in the Lagrangian function 

and therefore the Euler-Lagrange equations corresponding to this 2 are 

;- $ 2  = 0, r24  - 2 r 4  = 0. (6a)  

On the other hand, if we perform the change of variables (5a)  directly in the original 
equations (4a) ,  we immediately obtain the equations 

which can be rewritten as 
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Therefore under multiplication by the inverse of the matrix 

),  ( - r  sin 4 r cos 4 
cos 4 

we obtain 

that is 

(Y, $1 = ( r d 2 ,  2td/r) ,  

which are just equations (6a) .  This shows, in this case, that the transformed equations 
(8) are equivalent to (i.e. possess the same solutions as) equations (6a) .  

Let us return now to our general reasoning. Although the equivalence of equations 
(6) and the equations transformed from equations (4) under the change of variables ( 5 )  
is well known, it is less well known (Gelfand and Fomin 1963, Hirsch 1898) that a 
completely similar result holds when equations (4) are transformed by a generic 
pointlike transformation in the ( t ,  q)  space: 

4i =fi(Qi, - . , Qn, T),  t =fo(Qi, - , On, T), i = 1 , .  . . , n. (10) 
In this case the transformed equations are equivalent to the Euler-Lagrange 

equations 

a 
where L is now given by 

= L  fo,fi, i 
We shall see in 0 3 that this theoretical result will have important consequences when a 
pointlike symmetry of equations (4) is known. 

3. The pointlike symmetry of the Lagrange equations and its consequences 

Assume now that equations (4) are known to possess a pointlike symmetry of the kind 
(lo), that is of the form 

4i =fib ' 7 qn, t ) ,  7 =fob . . . , qn, t ) .  (13) 
In this case (by the definition of symmetry) the equations obtained by transforming (4) 
under (13) are equivalent to equations (4). On the other hapd, the transformed 
equations are equivalent (see 9 2) to equations ( l l ) ,  where ,f is defined by (12). 
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Therefore, by the transitive property of the relations of equivalence, we can say that 
equations (41 and (11) are equivalent (i.e. they possess the same solutions). Therefore, 
and since in general it will not be possible to find a function h(t, q )  such that 

e(,, q , 4 )  = L(t, q , 4 )  = dNt ,  q)ldt, (14) 

we obtain, in this way, and parting from any pointlike symmetry of (4), a Lagrangian 
system equivalent to the original one and, in general, not gauge equivalent to it. 

Obviously if (4) admits not only a pointlike symmetry but a whole monoparametric 
(or multiparametric) group of symmetries of th5 kind (13), we would obtain (by means 
of (12)) a multiparametric set of Lagrangians L equivalent to L, some of them gauge 
equivalent to L (those for which (14) holds) and others not gauge equivalent to L. 

In conclusion, a knowledge of the pointlike symmetries of a system of differential 
equations of the kind (2), when this system is equivalent to a Lagrangian system (Santilli 
1978), is of great help in increasing the number of possible solutions of the so-called 
‘inverse problem’, that is the problem of finding the Lagrangian functions, if any, whose 
associated Euler-Lagrange equations are equivalent to equations (2) The recipe for 
calculating the new Lagrangian is quite simple and is given by (12). The recipe is valid 
for both continuous and discrete symmetries. 

This result is another indication of the great variety of applications that can be 
deduced from a knowledge of the symmetries of a set of differential equations 
(Gonzilez-Gasc6n 1977a, b). 
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